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ABSTRACT 

i 
by B. 4. Tverskoy 

A one-dimensional s t e a d y  s t a t e  p u l s e  moving a l o n g  a magnet ic  

f i e l d  i n  a cold plasma is considered. The c a l c u l a t i o n s  a r e  performed 

i n  t h e  n o n r e l a t i v i s t i c  s i n g l e - ? a r t i c l e  a p 3 r o x i n a t i o n  wi thou t  t a k i n g  

i n t o  account  the collisions, the plasma be ing  assumed q u a s i - n e u t r a l .  

An e x a c t  s o l u t i o n  o f  t h e  co r re spond inc  e q u a t i o n  is p resen ted .  The 

siiapc of t h e  p u l s e  and t h e  d i s t r i b u t i o n  o f  v e l o c i t y  a r e  i n v e s t i g a t e d  

The l i n e s  o f  f o r c e  of t h e  magnetic f i e l d  a i d  t h e  p a r t i c l e s '  t r a j e c t o -  

r i e s  i n  t h e  p u l s e  a r e  found t o  be s p i r a l s .  Determined a l s o  is t h e  

dependence o f  t h e  Nach number on t h e  wave energy.  It i s  shovm t h a t  

even s m a l l  o s c i l l a t i o n s  of  t h e  magnetic f i e l d  cause  an a p p r e c i a b l e  

a c c e l e r a t i o n  o f  t h e  e l e c t r o n  conponent of  t h e  p u l s e  a t  i t s  maximum. 

I!ost  o f  t h e  nave energy  i s  i n  t h i s  case c o n c e n t r a t e d  i n  t h e  k i n e - t i c  

energy  of e l e c t r o n s  . 
COVZR-TO- COYER TRANSLATION 

The one-dimensional s t e a d y  s t a t e  f lows o f  r a r e f i e d  plasma 

moving i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  magnet ic  f i e l d  have 

been s t u d i e d  i n  d e t a i l  by a s e r i e s  of a u t h o r s  [l - 21. 
s e n t  work we s h a l l  c o n s i d e r  s t e a d y  naves,  t r a v e l l i n g  a long  t h e  f i e l d .  

I n  t h e  pre-  

L e t  us pos tLaa te  t h a t  because o f  a c e r t a i n  i n i t i a l  plasma 

p e r t u r b a t i o n ,  t h e r a  occur s  a p l ane  pulse  p r o p a g a t i n g  a l o n g  t h e  f i e l d .  



2 .  

:“he e f i c c t  o f  i n i t i a l  c o n d i t i o n s  weakens i n  t ime ,  and t h e  shape o f  

t h e  p u l s e  i s  d e t e r n i n e d  by t l ie non- l inear  e f f e c t s  - d i s p e r s i o n  and 

d i s s i p a t i o n .  The l a t t e r  may be l i n k e d  ( a s i d e  from Coulomb s c a t t e r i n g )  

w i t h  t h e  a v e r a g i n g  o f  t h e  e l ec t romagne t i c  p a r t i c l e  a c c e l e r a t i o n  i n  

t h e  wave by t h e  unper turbed  t h e r n a l  v e l o c i t i e s ,  and a l s o  wi th  t h e  

p u l s e  1 s i n s t a b i l i t y  . 
Secause of t h e  complexi ty  of  t h e  f u l l  examinat ion  o f  such  a 

probleni, t h e  inves t iga t ion  is u s u a l l y  broken i n t o  two s t a g e s  : f i r s t  

t h e  s t e a d y - s t a t e  p u l s e  shape  is found wi thou t  a c c o u n t i n g  d i s s i g a t i o n ,  

t h e n  t h e  d i s L i p e t i v e  e f f e c t s  a r e  s t u d i e d  f o r  a g iven  shape  of t h e  

wave . 
It may r e s u l t  t h a t  i n  t h e  absence of d i P s i p a t i o n  t h e  shape  o f  

t h e  p u l s e  does n o t  vary  a t  g r e a t  d i s t a n c e s  from t h e  s o u r c e  and depends 

f o r  an assigned unperturbed state of the plasma on the  pulse r a t e ,  

which i n  its t u r n  is u n i l a t e r a l l y  l i n k e d  with the wave energy  g. 
L e t  us f i n d  t h e  p u l s e  shape  a6 f u n c t i o n  of under  t h e  follo- 

wing assumptions : a )  t h e  plasma i s  s u P 2 i c i e n t l y  r a r e f i e d  f o r  t h e  

Coulomb s c a t t e r i n g  t o  be n e g l e c t e d ;  b) t h e  thermal  v e l o c i t i e s  of t h e  

unpe r tu rbed  p a r t i c l e s  are small i n  comparison w i t h  t h e  aave v e l o c i t y ,  

and t h e r e f o r e  one may t a k e  advantage of  a s i n g l e - p a r t i c l e  approxima- 

t i o n ;  

w i t h  t h e  specd  o f  l i g h t .  

c )  t h e  p a r t i c l e  v e l o c i t i e s  i n  t h e  wave a r e  s m a l l  i n  comparison 

1. BASIC E7UATIONS 
-I 

I n  t h e  i n d i c a t e d  fo rmula t ion  t h e  problem is d e s c r i b e d  by a 

s y s t e m  of e l e c t r o n  and i o n  motion e q u a t i o n s ,  c o n t i n u i t y  e q u a t i o n s  

and X a x n e l l i a n  e q u a t i c n s  f o r  s e l f - c o n s i s t e n t  f i e l d s .  L e t  us  i n t r o d u c e  

t h e  fol loniny; .  d e s i p a t i o n s  : V and v ,  N and n a r e  r e s p e c t i v e l y  t h e  

v e l o c i t i e s  and d e n s i t i e s  of  i o n s  a n d  e l e c t r o n s ,  E and H a r e  t h e  

e l e c t r i c  and t h e  magnetic f i e l d ,  m is t h e  mass of  i o n ,  p is t h e  

e l e c t r o n  t o  i o n  mass r a t i o ,  - e i s  t h e  a b r o l u t e  masni tude o f  t h e  cha rge  

of  e l e c t r o n ,  2 is  t h e  speed  of l i g h t .  k o r  t h e  sake of  s i r r , ? l i c i ty  

t l ie  i o n s  s h a l l  be considei-ed un inega t ive .  
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The problem's  e q u a t i o n s  a r e  as f o l l o n s  : 

at 
E- + (VV) V = +{E + ,[VH]}, 1 

-p{+(vV)v} av =+{E +,tvHl} i , 
(1) 

(2) 
(3) 
(4) 

div H = 0, (5) 
(6)  

a N p t  + div NV = 0, an/dt + divnv = 0, 
rot H = 4nec-l (NV - nv), 

rot E = - c-l dH/dt , 

div E = 4ne ( N  - n). 
L e t  us d i r e c t  an a i s  x a l o n s  t h e  u n d i s t u r b e d  f i e l d  Bo , 

which is presuned uniform. -;;e s h a l l  s e e k  t h e  s c l u t i o n  i n  a form o f  

a s t a b i l i z e d  p l a n e  wave t r a v e l l i n g  i n  t h e  p o s i t i v e  d i r e c t i o n  o f  t h e  

axis - x w i t h  a v e l o c i t y  U. A t  t h e  same t i m e ,  d l  n2-ni tudes  depend 

o n l y  on a s i n g l e  v a r i a b l e  E = x --Ut, s o  t h a t  a/iarl= 3/82 = 0, dldx = dfdg, 

F * A &  e m ) ( r a p e r t u r b e d  p l a s m a )  E, Hy, H,, V and v equal 
-- Zero ,  i-ix = Bo, n = N = N o .  

The e q u a t i o n s  (2), ( 4 )  and (5 )  a r e  d i r e c t l y  i n t e g r a t e d  : 

N = N,iI/(U -Vx) ,  n = N,LJ/(U - v x ) ,  (7) 
E, = UHZ/C, E ,  = - UHy/c,  (8) 

(9) H x  = H, = const. 

S u b s t i t u t i n g  ( 7 ) -  ( 9 )  i n t o  (l), we are a s s u r e d  t h a t  t h e  

y -  and z- components o f  t h e  c u r r e n t  c(Nv - n v )  a r e  t o t a l .  d i f f e r e n -  

t ia ls .  Hence, and from ( 3 )  ne f i n 2  t h a t  

where 
M = ]f4rtN,mU/H0 

i s  t h e  magnet ic  Xach n w b e r .  

L e t  us  i n t r o d u c e  t h e  d i n e n s i o n l e s s  v a r i a - b l e s  

and l e t  u s  p o s t u l a t e  

1 - WX.E 8, 1'- w, = 6. 
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Upon s u b s t i t u t i o n  of  t h e  oSta ined  i n t e g r a l s  t h e  e q u a t i o n s  

a r e  reduced t o  t h e  sys tem 

,dW, 1 I - = - (3 - M2.) W ,  + ~ M ' w , ,  p = ( T - p M 2 )  w,- M'W,, (13) 
ds . 

L e t  LIS s e e k  t h e  s o l u t i o n  f o r  which and D a r e  p o s i t i v e  

everywhere ( p a r t i c l e s  a r e  no t  r e f l e c t e d  f r o a  t h e  viave). I n  t h e  

n o n r e l a t i v i s t i c  c a s e  (P2<1)1 we may deduce from (15) t h a t  t h e  

q u a s i n e u t r a l i t y  c o n d i t i o n  @--6<81). is f u l f i l l e d  (Inasmuch as 

t h e  s m a l l  paramete r  p2 f i g u r e s  i n  (14) at t h e  s e n i o r  d e r i v a t i v e ,  

t h e  i n d i c a t e d  c o n c l u s i o n  r e q u i r e s  a subsequent  v e r i f i c a t i o n ,  which 

w i l l  be e 2 f e c t e d  a t  t h e  end o f  p a r t  2 ) .  L e t  us  a S E u m e  -9 

and l e t  us expand (12)  - (15) in powers p2.  I n  the zero ap2roxina-  

t i o n  we must asUume 8 = 3. S u b s t r a c t i n g  e q u a t i o n s  ( 1 ~ )  from one 

a n o t h e r ,  we exc lude  E. The problem i s  thus reduced t o  t h e  sys t em o f  

f i v e  e q u a t i o n s  

I The e l e c t r i c  f i e l d  E is  detel-i.ined a s  

I n t r o d u c i n g  t h e  complex v a y i a b l e s  

p = w, + i W z ,  Q = w, f iwz, 

we may w r i t e  ( 1 6 )  i n  a rriore c o r q l e x  Torn : 
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o d o j d s  = Iin PQ", 
dPJds = (O-l-- MZ) iP - pMZtQ,  

pdQ/ds = - (0-l - pM2) iQ -/- MZiP. 

A t  S + + T  we shall have 8 = 1 ,  P =  Q ; = O . ,  

The i n t e g r z t i o n  of t h e  s y s t e m  (19) may be reduced  t o  t h e  

q u a d r a t u r e  wi th  t h e  a i d  o f  t h e  s u b s t i t u t i o n  

where p ,  q, Q, K a r e  r e a l  f u n c t i o n s .  

S u b s t i t u t i n g  ( 2 0 )  i n t o  ( 1 9 )  and s e p a r a t i n g  t h e  r e a l  and t h e  

imag ina ry  p a r t s ,  we s h a l l  o b t a i n  : 

Assuming ' I /PM=% P=a 'T*  , c'e s h a l l  o b t a i n  from ( 2 1 )  and ( 2 2 )  : 
0 = 7/1 - 'p2, (26) 

and from ( 2 2 ) -  ( 2 4 )  and ( 2 6 )  : 
q = (arc sin cp - u2rp);pu, 

1 arcsin cp 1 ---. 
1/1--(p2 P cp 

I(= 

S u b s t i t u t i n g  t h e s e  r e s u l t s  i n t o  ( 2 5 ) ,  we shall d e ' i e m i n e  q1 (9) : 

The s p a t i a l .  dependence 9 ( s )  is deterir: incd by q u a d r a t u r e  from 

( 2 9 )  and (22 ) .  

2.  5AVXS OF AVERAGE: AID LOW INTZNSITY 

L e t  us examine t h e  waves i n  which u'<1 (T. e. M8<1/p)) 

. It a p e a - r s  t h a t  a t  t h e  sane  t iwe  O<cp2<q$<1, , s o  t h a t  

a r c  s i n  9 and vl -I@ may be ex1 tied i n  s e r i e s  w i t h  a p r e c i s i o n  

t o  t e r m  of  t h e  seconci o r d e r .  . 
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Lifixitinty o u r s e l v e s  i n  t h e  c o e f f i c i e n t  a t  V 4  by t h e  t e r r i  o €  t h e  

z e r o  o r d e r  by et and E", we s l i ~ l l  o b t a i n  

im'or t h e  d . e t e r c i n a t i o n  of  t h e  s p a t i a l  dependence 'P , w e  

s h a l l  s e l e c t  t h e  c o o r d i n a t e s '  o r i g i n  i n  such  a [-jay t h a t  

a t  s = 0. Then, we s h a l l  have from ( 2 2 )  and ( 3 0 )  : 

L i m i t i n g  o u r s e l v e s  by t h e  terins o f  the  lo r r e s t  o r d e r s  by oi and p, 
we f i n d  

The p r e c i s i o n  e s t i m a t e  i n d i c a t e s ,  t h a t  for PI 4 10,  t h e  

e r r o r  does  n o t  exceed 3 p e r c e n t .  

It may be s e e n  from ( 3 3 )  and (17) t h a t  t h e  q u a s i n e u t r a l i t y  

c o n d i t i o n  i s  v a l i d  a t  t h e  f u l f i l l m e n t  of  t h e  i n e q u a l i t y  

GpLp2Mei< 1. ' (34) 

The n o n r e l a t i v i s m  conc'cition f o r  e l e c t r o n s  r e q u i r e s  t h a t  

pMA < p. (35) 
The cornparison of  (34)  and (55) l e a d s  t o  t h e  conc lus ion  t h a t  t h e  

r equ i r emen t  pM3< r is an a u t o n a t i c  consequence o f  n o n r e l a t i v i s m  

and q u a s i n e u t r a l i t y .  
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approaches  a t  g r e a t  M a c o n s t a n t  boundary - the  mean geometric 
among t h e  electron and i o n  Larmor r a d i i  w i th  v e l o c i t i e s  

f i e l d  Ho. I n  c a s e  o f  weak waves t h e  p u l s e  t e n d s  t o  s p r e a d  : a t  M = 1 
U, i n  t h e  

i t s  width e q u a l s  that  t o  t h e  i o n  Larnior radius, whi le  a t  ML- 1/ (1 + p) 
t h e  wid th  8-+ 00. 

It may be s e e n  from (36 )  through (39)  t h a t  t h e  mPTnetic 

f i e l d  and t h e  p a r t i c l e  t r a j e c t o r y  i n s i d e  t h e  p u l s e  curve  i n t o  a 

s p i r a l  v i t h  a s y c i n g  Mr.5 , .  K i t h  t h e  wave i n t e n s i t y  i n c r e a s e  t h e  

s p i r a l ' s  s p i c i n g  a l s o  i n c r e a s e s .  It is  minimum for low Nave i n t e n s i -  

t i e s .  L e t  UG a l s o  n o t e ,  as ma:r be  seen  fro: t h e  r e s u l t s  o b t a i n e d ,  

t h a t  t h e  s o l u t i o m i n  l i n e a r  approximat ion ,  when V and H lie i'llra 

s i n g l e  p l a n e  (Alfvgn waves) ,  may only  e x i s t  d u r i n g  a l i m i t e d  t ime 

i n t e r v F l .  The n o n l i n e a r  e f f e c t s  l e a d  t o  t h e  t w i s t i n g  of  t h e  l i n e s  

o f  f o r c e  and of  p a r t i c l e  t r a j e c t o r i e s .  

It f o l l o a s  from ( 3 6 )  t h c t  a c e r t a i n  c o n c e n t r a t i o n  i n  t h e  

p a r t i c l e  d e n s i t y  t a k e s  p l a c e  i n  the  p u l s e  m a x i m u m ,  Formula (38) 
shows t h a t  i n  t h e  l e a d i n g  edge of the  p u l s e  e l e c t r o n s  a r e  c h a r a c t e r i -  

zed by a phase l a g  i n  resiJ!ect t o  i o n s ,  c h i l e  i n  t h e  t r a i l i n g  edge,  

t o  t h e  c o n t r c r y ,  t hey  a r e  i n  cdvance o f  them. 
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A s  i t  n e a r s  t h e  p u l s e  maximum t h e  p a r t i c l e  a c c e l e r a t e s  i n  

a p l a n e  p e r p e n d i c u l a r  ( t r a n s v e r s e  ) t o  Ho. 'The maximum t r a n s v e r s e  

i o n  v e l o c i t y  

Vo= n M 3 A p U , 3  

does  n o t  r each  t h e  magnitude Uo a t  pMa<l . A t  t h e  s a u e  t i n e ,  t h e  

maximum v e l o c i t y  o f  e l e c t r o n s  
. -  

uo = ~ R M U ~ / \ ~  (41) 

exceeds  Uo by p- ''2 t i i aes  even ai; compara t ive ly  s i n a ~  M (M = 1). 
Conseuqnet ly ,  t h e  examined type  of waves, c o n t r a r y  t o  t r a n s v e r s e  

waves [I], most ly  a c c e l e r a t e s  e l e c t r o n s .  A t  M + 1 - p, t h e  

i o n  and electron a c c e l e r a t i o n  agproaches zero t h a n k s  t o  t h e  f a c t o r  A '  
The p h y s i c a l  cause of a c c e l e r a t i o n  amounts t o  t h e  f a c t  t h a t  

s e p a r a t e  i o n s ,  f l y i n g  i n t o  t h e  exanined f i e l d  w i t h  a v e l o c i t y  U ,  

f r e e l y  p a s s  through t h e  wave, c-kile e l e c t r o n s  o u @ t  t o  have been 

reI"1ected from i t  . However, by the  s t r e n g t h  o f  q u a s i n e u t r a l i t y  

t h e  i o n s  p l l  t h e  e l e c t r o n s  through the  p o t e n t i a l  b a r r i e r ,  i m p a r t i n g  

them t h e  n e c e s s a r y  k i n e t i c  energy. As may be s e e n  from (38)  and ( 3 9 1 ,  
t i le  e l e c t r o n s  move t h e n  a l o n g  t h e  l i n e s  o f  f o r c e  o f  t h e  p e r t u r b e d  

f i e l d .  Inasmuch as t h i s  is b a s i c a l l y  c r e a t e d  a t  t h e  e x p e , s e  of  

e l e c t r o n  motion,  t h e  f i e l d  i s  f o r c e - f r e e  (H 11 r o t  H). 

3 .  THE MACH NUFIBER AS A FUNCTION OF WAVE ENERGY 

The p reced ing  r e s u l t s  g ive  t h e  f i e l d  H and t h e  v e l o c i t i e s  

V and v as f u n c t i o n s  of  t h e  Kach number M.  I n  c a s e  of l o n z i t u d i n a l  

waves when t h e  d i r e c t i o n  of wave p ropaga t ion  c o i n c i d e s  w i t h  t h a t  of 

motion ,  t h e  I.iach nuirber h a s  a c l e a r  p h y s i c a l  s e n s e ,  and i t  is l i n k e d  

w i t h  t h e  s o u r c e  t o  small p e r t u r b a t i o n  v e l o c i t y  r a t i o .  I n  case  of  

t r a n s v e r s e  waves ( t o  which t h e  above-exa.xi.ned p u l s e  is r e l a t e d ) ,  

t h e r e  i s  no such  s imple  correspondence between t h e  ; ' ach  number and 

t h e  v e l o c i t y  of  t h e  s o u r c e .  Thus,  its energy  c o n s t i t u t e s  a b e t t e r  

p h y s i c a l  c h a r a c t e r i s t i c  of  t h e  wave. 
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I n  case  of a s t e a d y  motion, an  unambiguous cor respondence  

t a k e s  p l a c e  between M and t h e  energy  o v e r  1 cm2 o f  t h e  wave 

f r o n t .  It may be s e e n  from ( 3 7 )  and (38)  t h a t  t h e  k i n e t i c  energy  

i s  b a s i c a l l y  c o n c e n t r a t e d  i n  t h e  e l e c t r o n  component, s o  t h a t  

(42) 

The e l e c t r i c  energy  (e.E appea r s  t o  be lorn i n  co imar ison  

wi th  t h e  magnet ic  energy  E E ,  and -8", a d 8 ~ = p M ~ d & ~ < d 8 ~ .  

Thus,  t h e  f u n d a m e n t d  p q r t  o f  t h e  energy o f  t h e  n o n r e l a t i -  

v i s t i c  q u a s i - n e u t r a l  p u l s e  i s  concen t r a t ed  i n  t h e  k i n e t i c  energy  o f  

e l e c t r o n s  . 
I n t e g r a t i n g ,  we f i n d  

Y -  - . @* 

6AMW0/VE - 

where 8,=m&/BarkH,t is t h e  magnetic energy of t h e  unper turbed  

f i e l d  i n  a column 2,,long, and of 1 cm2 c r o s s  s e c t i o n .  

i ience,  t a k i n g  i n t o  account  the  d e t e r m i n a t i o n  A (311, w e  
s h a l l  f i n d  

c u r  forr iulae a r e  v a l i d  a t  ph@<1 _- an? ,  consequen t ly ,  a t  8<68,,Jp1k 

The Kach number depends l i t t l e  on E : t h u s ,  a t  1 --ir 0 t h e  number 

M = 1/ ( 1 + fv), 

It may be cons ide red  w i t h i n  broad l i n i t s ,  tha& M = 1, and A ( M ) - - F 6  

A t  t h e  sane t ime t h e  e l e c t r o n  energy i n  t h e  maximum w i l l  be o f  t h e  

o r d e r  of mU , where m i s  t h e  i o n  m a s s ,  and Uo - t h e  Alfv6n wave 

v e l o c i t y .  : :eanal i i le ,  t h e  p e r t u r b e d  f i e l d  H ail1 be o f  t h e  o r d e r  of 

v-?Ho%Ho. There fo re  , q u i t e  weak f i e l d  o s c i l l a t i o n s  a r e  capab le  

o f  a c c e l e r a t i n g  e l e c t r o n s  t o  h igh  e n e r g i e s .  

t h e  va lue  N = 1 is a l r e a d y  reached  at = 12 to . 

2 

- 



10. 

For s u f f i c i e n t l y  g r e a t  dimensions o f  t h e  s y s  tem, powerful  

s h o r t  p u l s e s  may form o u t  of  i n i t i a l l y  weak p u l s e s  of  l o n g  e x t e n t ,  

which a s s u r e  a s t i l l  more i n t e n s i v e  e l e c t r o n  a c c e l e r a t i o n ,  An 
i n s t a b i l i t y  may appea r  on account  of  t h e  r e l a t i v e  n o t i o n  o f  e l e c t -  

rons  and i o n s  [&  I f  t h e  i n s t a b i l i t y  deve lops  d d r i n g  t h e  time 
much l e s s e r  t han  t h e  t ime of t h e  p u l s e ' s  p a s s i n q  i t s  own lenf-cth,  

t h e  p re sence  of  t h e  above-examined waves m u s t  l e a d  t o  a s t r o n g  

h e a t i n g  o f  t h e  plasma's  e l e c t r o n  conponent,  w i thou t  h e a t i n g  o f  t h e  

i o n i c  component. 

, 

Such phenomena o f i e r  i n t e r e s t  f o r  t h e  t h e o r y  o f  t h e  o r i g i n  

o f  t h e  Z a r t h f s  o u t e r  r a d i a t i o n  b e l t ,  w i t h i n  vinich on ly  f a s t  e l e c t r o n s  

could  have been d e t e c t e d  to -da te  [4]. 
I n  c o n c l u s i o n ,  I e x p r e s s  my deep g r a t i t u d e  t o  Academician 

M, A, Leontovich for the d i s c u s s i o n  of the present work. 

I n s t i t u t e  of  Xuclear  P h y s i c s  
Moscow S t a t e  U n i v e r s i t y  

E n t e r e d  on 2 5  ~ep t .1961  
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